We investigate the third-order nonlinear-optical susceptibility y") in molecular aggregates and its scaling with aggregate size. The aggregate is modeled as a collection of N-interacting, homogeneously broadened two-level systems, where the interaction includes both the static dipole-dipole coupling and superradiant coupling. Our expression for y' ', derived using Liouville-space Greenfunction techniques, contains contributions from excitons as well as biexcitons. The scaling of y( ' with aggregate size and its dependence on the laser detuning and homogeneous and inhomogeneous dephasing rates are analyzed. y' ' contains terms that scale as -N and -N(N -1). However, under off-resonant conditions these terms interfere destructively, resulting in a linear -N scaling, which is precisely what is expected for N monomers. Detailed calculations of phase-conjugate degenerate four-wave mixing and pump-probe spectroscopy are performed. In the first case we predict the existence of a narrow dephasing-induced resonance superposed on the broader superradiant exciton line shape. Pump-probe spectroscopy shows a series of biexciton absorption lines, some of which are superradiantly broadened.
I. iNTRODUCTION
Currently there is great interest in molecular aggregates or clusters, the optical properties of which have been studied in solution, ' on metal and semiconductor surfaces, and in molecular beams. Of particular interest are J aggregates, ' which form when certain dye molecules such as pseudo-isocyanine (PIC) are cooled in solution at a suKciently high concentration. Upon aggregation the absorption spectrum of these systems dramatically narrows and shifts to the red. This has been attributed to motional narrowing of the inhomogeneous broadening in the excitonlike state, as proposed by Knapp From the final expression for g' ', it is apparent that the size dependence arises from essentially two factors: the enhanced exciton and exciton-biexciton transition dipole moments which scale as X' and the superradiant decay rate which scales as N. For large X, the enhanced transition dipole moments combine to give an overall N dependence to
In contrast, the enhanced radiative rates which appear in the denominators act to reduce g' '. Since the pure dephasing competes directly with the size-dependent superradiant damping ' it also has a profound effect on the size dependence of g' ' 
where p is the density matrix of the aggregate and b"and b"are the Pauli creation and annihilation operators, respectively, for an excitation at site n, obeying the anticommutation relation: 
From Eqs. (3.1), (3.2) , and (2.11b) we see that the k =0
Similarly, an exciton population (k =k') or excitonexciton coherence (krak') is created by application of bz to the right and bI, to the left of the ground-state density matrix~0)(0~: 
In order to calculate the biexciton eigenbasis we first define the following translationally invariant operators: (3.6) C(k, s )) = -g exp There remain nonzero off-diagonal matrix elements: The third-order polarization for an aggregate at position r with kor "« 1 can be written as P (r, t) = g exp(ik r co, t )-P (k"t),
where ks +km +kn +kq and cc)s +~m +~n +~q m, n, q = 1, 2, or 3, and any combination of plus and minus signs are allowed. Hereafter we choose the particular combination cu, =co, +co2+~3 and k ki+k2+k3Ã ny other combination can be represented by changing one or more k-to -k,~to -u, and E to E*. The polarization is related to the applied electric fields via the third-order susceptibility:
In this section we derive a general expression for g' ' using the Liouville-space Green-function technique.
In order to clarify the presentation, we first consider the isolated aggregate without line broadening and delay the inclusion of homogeneous dephasing until Sec. V.
A four-wave mixing experiment may involve as many as three applied electric fields; the total applied field is given by the superposition
The nonlinear susceptibility may be evaluated using third-order perturbation theory ' and is given by where l Q » is an arbitrary operator. The frequencydependent Green function g (co) is
The three Green functions in Eq. (4.5) appear in chronological order from right to left. The system first interacts with the field E . The single-photon Green function 9 (co ) describes the evolution of the system until the time of the second interaction which is with the field E". Subsequent propagation is described by the two-photon Green function 0 (co +co"). Following the third interaction with field E, the evolution is represented by the three-photon Green function g (co +co"+co~). The response function R in Eq. (4.5) 
(4.9d) Equation (4.9d) is the propagator for the excitonbiexciton coherence operator lB(k, q)&&b(k')l represented by l B ( k, q ) b ( k ') » in Liouville-space notation. It should be noted that expressions (4.9a) and (4.9b) are exact, whereas (4.9c) and (4.9d) were evaluated by neglecting I in accordance with condition (3.8 Fig. 1(a) . The remaining terms involve the biexciton states [ Fig. 1(b) ]; the second term is resonantly enhanced for processes which involve biexciton formation through single-photon absorption from an initial exciton population, while the last two terms involve biexciton formation via direct two-photon absorption. ((B(n, m}~L' B(n', m'))) = if'-(5""5~+5"5 ".),
in the biexciton-exciton coherence space, spanned bỹ
In order to evaluate y' ', we need to recalculate the Green functions when L ' is taken into account:
1/&»-(5.9) we cannot simply add f' to the superradiant decay rate Since L '~b (0 ) )) = i ( f /-2 )~b ( 0) )) we have xb"' ", io)(orb""", (5.1o) where the indices r and s are defined the same way as in Eq. (3.6). This basis set is orthonormal:
to+to(0)+i (Xy /2+ f'/2) and the dephasing rate simply enhances the overall exciton coherence decay. b(0)b(0))) does not couple to~b(0))). The two-photon Green function can be of three types: (a) For the three-photon Green function, the only propagator which is not straightforward to evaluate is the exciton-biexciton Green function.
For this case the inhuence of homogeneous dephasing cannot be calculated exactly; however, we can use perturbation theory to get an approximate result. We begin by writing the matrix elements of L in the exciton-biexciton basis set: the exciton propagator without dephasing. There is also a coupling mechanism which transfers population from the k =0 exciton to kAO excitons:
for off-diagonal elements, and equal to 3f'/2 2f'/N f-or diagonal elements. These diagonal elements are the first-order (complex) energy correction. This is a good approximation to the exact energy correction when the magnitude of the off-diagonal elements is less than the differences in the real, unperturbed, zeroth-order energy values given by E(k, q;k') = Q(k, q} -cA k')=co -o+4 When condition (6.5) holds, the exciton-biexciton basis set is approximately the eigenbasis, and the expression for y' ' given by Eq.
(5.23) is valid for a particular distribution of 5'"provided the first-order corrections to ai(k) and Q(k, q) are included. [For example, we replace the exciton energy co (0) by co(0)+5a~, in R, (2a~, -"~, -co"ro, ) and R, (2~, -coz, cu& -coz, -coz). ] We must then average y' ' over all values of 6m, in the Gaussian inhomogeneous line shape.
In order to continue to ignore two-photon biexciton absorption we require, as before, the two-photon Green function in R 3 (2', -coz, 2co, , c0, ) to be nonresonant.
Since the shift in biexciton transition frequency is equal to (2/N)g f, 5'",we require that In order to characterize the scaling of DFWM with size, we evaluate the total number of photons per second emitted in the direction -kz integrated over the frequency range co, -coz. This quantity (apart from some geometric proportionality constants) will be denoted as S (N, f', b, co, ) , which is also a strong function of the homogeneous dephasing rate f' and the detuning b, co, :
We have plotted S (N, |,b, co, ) Figs. 2(a)-2(c) Fig. 3(a) 's la the same spec ra tra as in Fig. 3(a)  Fig. 4 where we disp ay alized to unity.
in ig. eak heights are norma iz th widths are independent When ) f' » Ny as in Fig. 3(b) , t e wi of N. (( b (0) Fig. 5(b) we show the DFWM spectrum when the pump beams are off resonance ( b co, = 8 V). Compared with the on-resonance spectrum, the narrow resonance peak height is an additional factor of 2 larger than the superradiant peak due to the two-photon Green function [compare Eq. (6.16) R5(coz, O, co, ) and R5(coz, O, -co, ) are triply resonant when coz = A(k, q) co(k-), and R, (czzz, coz co"-coz), R, (coz, czzz -co "-co, ), and R, ( coz, 0, co, ) are triply resonant when coz=czz(0). In the superradiant limit, setting f'=0 eliminates the Rs contribution; Rz(coz, O, co, ), Rz(coz, O, -co, ), and R3(coz, coz+ co"co, ) are then responsible for a series of biexciton absorption lines, one for each value of q, with q =1 corresponding to the largest peak. In Fig. 6 The homogeneous dephasing rate f' is zero. The negative peak is due to saturated exciton absorption, while the positive peaks are biexciton absorption spectra for q = 1, 3, and 5 and k =0 as indicated. When V )0 these peaks lie to the red of the exciton peak.
which is obviously independent of q.
Figures 7 (a) which is essentially the same as condition (3.8), which we have assumed from the start.
